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INVERSE TRIGONOMETRIC FUNCTIONS

What are Inverse Trigonometric Functions?

Inverse trigonometric functions are also called “Arc Functions” since, for a given value of
trigonometric functions, they produce the length of arc needed to obtain that particular value. The
inverse trigonometric functions perform the opposite operation of the trigonometric functions such
as sine, cosine, tangent, cosecant, secant, and cotangent. We know that trigonometric functions are
especially applicable to the right angle triangle. These six important functions are used to find the
angle measure in the right triangle when two sides of the triangle measures are known.

Formulas

Inverse Trig Functions Formulas

Arcsine sin?(-x) = -sin(x), x € [-1, 1]
Arccosine cos(-x) = -cos(x), x € [-1, 1]
Arctangent tan*(-x) = -tan™(x), x €ER
Arccotangent cot?(-x) = T — cot*(x), x € R
Arcsecant sect(-x) =1 -sec}(x), [x] =21
Arccosecant cosec’(-x) = -cosec*(x), [x]| =1

Inverse Trigonometric Functions Graphs

There are particularly six inverse trig functions for each trigonometry ratio. The inverse of six
important trigonometric functions are:

Arcsine
Arccosine
Arctangent
Arccotangent
Arcsecant
Arccosecant

Arcsine Function

Arcsine function is an inverse of the sine function denoted by sin™x. It is represented in the graph as
shown below:
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Arcsin x

Domain -1<x=<1

Range -TM/2<y<T1/2

Arccosine Function

Arccosine function is the inverse of the cosine function denoted by cos™x. It is represented in the
graph as shown below:

Arccos x

Therefore, the inverse of cos function can be expressed as; y = cos™x (arccosine x)

Domain & Range of arcsine function:
Domain -1=x<1

Range O<y=sTr
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Arctangent Function

Arctangent function is the inverse of the tangent function denoted by tan™x. It is represented in the
graph as shown below:

Arctan x
_______________________ _l____________________________.
2
X
T T T T
-10 -5 0 5 10
n
e m——— o lll__._.

Therefore, the inverse of tangent function can be expressed as; y = tanx (arctangent x)

Domain & Range of Arctangent:
Domain -0 X< 0

Range -TM/2<y<T1/2

Arccotangent (Arccot) Function

Arccotangent function is the inverse of the cotangent function denoted by cot™x. It is represented in
the graph as shown below:

Arccot x

7T
2

Therefore, the inverse of cotangent function can be expressed as; y = cot™x (arccotangent x)

Domain & Range of Arccotangent:

Domain -0 < X < 0

Range O<y<Tr
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Arcsecant Function

Arcsecant function is the inverse of the secant function denoted by sec™x. It is represented in the
graph as shown below:

Arcsec x

Therefore, the inverse of secant function can be expressed as; y = sec’x (arcsecant x)

Domain & Range of Arcsecant:

Domain -0 <x<-lorlsSx<®

Range OSy<T,y#T1/2

Arccosecant Function

Arccosecant function is the inverse of the cosecant function denoted by cosec™x. It is represented in
the graph as shown below:

Arccsc x

Therefore, the inverse of cosecant function can be expressed as; y = cosec™x (arccosecant x)

Domain & Range of Arccosecant is:
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Domain 0<x<-1or1<x<

Range -TM/2<y<T/2,y#0
Inverse Trigonometric Functions Table

Function Name Notation Definition Domain of x

Arcsine or inverse

=sin?! =gj -1<x<
sine y =sin™(x) X=siny 1<x=1

Arccosine or inverse

= -1 = -1<x<
cosine y=cos™(x) X=COS Y 1<x<1

Arctangent or 4 For all real

y=tan™(x) x=tany
Inverse tangent numbers
Arccotangent or ~cot(x) =Cot For all real
Inverse Cot Y Y nhumbers
Arcsecant or 1

=sec(x X=sec xs—lorl<sx

Inverse Secant ¥ () y
Arccosecant y=csc(x) x=cscy | x<-lorl<x

Inverse Trigonometric Functions Derivatives

The derivatives of inverse trigonometric functions are first-order derivatives. Let us check here the

derivatives of all the six inverse functions.

Function Domain

arcsin x y = sin”}(x)
arccos x y = cos™(x)
arctan x y = tan™(x)
arccot x y = cot™}(x)
arcsec x y = sec’*(x)
arccsc x y = csc(x)

Range
-T/2<y<T/2

90°<y < 90°

O<ysT
0°<y<180°

—-T/2<y<T/2
-90°<y < 90°

O<y<Tr
0°<y<180°

0<y<TT/2 or TT/2<y<TT

0°<y<90° or
90°<y<180°

—T1/2<y<0 or O<y<TT/2
—90°<y<0°0or 0°<y<90°

dy/dx
1/\(1-x%)
-1/N(1%)
1/(1+x%)
-1/(1+x7)
/[xINOe-1)]
-1/1x|V(e-1)]
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Properties of Inverse Trigonometric Functions

Property Set 1:
e Sin"}(x) = cosec}(1/x), x€ [-1,1]—{0}
e Cos™}(x) =sec(1/x), x € [-1,1]—{0}
e Tan™}(x) = cot™(1/x), if x>0 (or) cot™(1/x) =, if x<0

e Cot*(x) =tan™}(1/x), if x>0 (or) tan™*(1/x) + T, if x < 0

Property Set 2:
e Sin"}(—x) = =Sin7}(x)
e Tan}(—x)=-Tan™}(x)
® Cos*(—x) =1 - Cos*(x)
e Cosec}(—x) =— Cosec™*(x)
e Sec}(—x) =1 - Sec™}(x)
e Cot™}(—x) =1 - Cot™(x)
Proofs:
1. Sin7}(=x) = =Sin™}(x)

Let sin"}(=x) =, i.e.,,~x =siny

=>Xx=-siny
Thus,
x=sin(-vy)
Or,

sin"}(x) = =y = =sin"}(—x)
Therefore, sin™}(=x) = =sin™*(x)
Similarly, using the same concept following results can be obtained:

e cosec '(—x) = —cosec'x, |x|=1
e tan'(—x)=—tan'x, xeR
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2. Cos™'(=x) = r — Cos*(x)
Let cos™(—=x) =yi.e.,, =x =cosy
= X = —cos Yy = cos(TT—y)
Thus,
cos }(x) = TT-y
Or,
cos }(x) = T—cos *(—x)
Therefore, cos™(=x) = TT—cos*(x)
Similarly using the same concept following results can be obtained:
e sec'(—x)=T-secx, |x|21
e cot(—x) = TT—cot™*x, xeR
Property Set 3:
e Sin"}(1/x) = cosec™*x, x21 or xs—1
e Cos(1/x) =sec™x, x=1 or xs—1

e Tan™}(1/x)=—TT + cot™}(x)

Proof: Sin"'(1/x) = cosec™'x, x21 or xS—1
Let cosec*x =y, i.e. x = cosec y

= (1/x) =siny

Thus, sin}(1/x) =y

Or,

sin"}(1/x) = cosec 'x

Similarly using the same concept, the other results can be obtained.

Example:
e sin'(¥5) = cosec™(3)
e cos (%) =sec(4)
® sin'(—%) = cosec }(—4/3) = sin"}(3/4)
e tan'(—=3)=cot™(=%)-Tr

Property Set 4:

e Sin*(cos B) =11/2 - 6, if B€[0,TT]
® Cos™Y(sin ©) =11/2 - 6, if 6€[-T1/2, T1/2]
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® Tan'(cot®)=11/2 -6, B€[0,TT]
® Cot}(tan B) =11/2 -8, B€[-T1/2, T1/2]
® Sec}(cosec8)=11/2 -8, B€[-T1/2, 0]U[O, TT/2]
® Cosec'(sec©)=1/2 -6, B€[0,M]—{11/2}
® Sin"Y(x) = cos 1 [V(1-x?))], 0=x<1
= —cosI[V(1-x?)], —1x<0
Example:
1. Given, cos }(—3/4) = T — sin*A. Find A.

Solution: Draw the diagram from the question statement.

N 4

So,

cos(=3/4) = T - sin"}(\7/4)

Thus, A=7/4

2. cos (%) = sin"t V(1-1/16) = sin"}(V15/4)
3. sin"Y(~%) = —cos V(1-%) = —cos }(V3/2)
. sin*(tan™(34)) = sin*(sin™}(%)) = (%)*= 9/25.
.sin"Y(sin 21/3) = 11/3

. cos Y(cos 411/3) = 211/3

N oo o b

. sin"}(cos 3311/10) = sin"*cos(31T + 311/10) = sin”*(—sin(11/2 — 311/10)) = —=(11/2 — 311/10) = -11/5

Property Set 5:
® Sin’x+ Cosx=T11/2
e Tan 'x+ Cot™}(x) =T11/2

e Sec'x + Cosec'x =T11/2

Proof: sin"}(x) + cos(x) = (11/2), x€[-1,1]

Let sin}(x) =y, i.e., x = sin y = cos((11/2) — y)
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= cos }(x) = (11/2) =y = (11/2) = sin}(x)
Thus,

sin}(x) + cos}(x) = (17/2)

Similarly using the same concept following results can be obtained:

e tan’(x) + cot™}(x) = (11/2), xR
e cosec'(x) +sec”(x) = (11/2), |x|=1

Example:
1. Sec™'(4) + Cosec™(4) = 11/2
2. Tan™}(3) + Cot™(3) = 11/2

Property Set 6:

(M Ifx,y>0

tan ! (%) zy <1

Y

Tan Tx + Tan'1y = o
7+ tan ! (—) Ty > 1

1—zy
(2)Ifx,y<0
t -1 (m—ﬂ) TY < 1
Tan 'x+Tanly = l_xyﬁ !
—m + tan~! (1_—;;) Ty <1
_ _ 1 =y (2w >0
(3) Tan'x + Tan""y = tan™! (1+:cy) y= 7+ tan"! (Hwy) y <0

(4) tan™}(x) — tan"}(y) = tan*[(x=y)/ (1+xy)], xy>—1
(5) 2tan™'(x) = tan"*[(2x)/ (1-x%)], |x]|<1

Proof: Tan™(x) + tan~}(y) = tan™[(x+y)/ (1—xy)], xy<1

Let tan”*(x) = a and tan”*(y) = B, i.e., x = tan(a) and y = tan(P)
= tan(a+P) = (tan a + tan B) / (1 — tan a tan [3)

Thus,

(@) + (B) = tan™"[(x+y) / (1~xy)]

Therefore,

tan™(x) + tan™(y) = tan™*[(x+y) / (1—xy)]
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Similarly using the same concept following results can be obtained:

e tan’'(x) —tan7}(y) = tan ! [(x—y)/ (1+xy)], xy>—1
e 2tan}(x) =tan'[(2x)/ (1-x?)], |x|<1

Example:
1. Tan™'(=%) + Tan Y (="5) = Tan"'[(=% = "5)/ (1- %)]
=tan"'(-1)

=-T1/4

2. Tan™}(=2) + Tan"}(—3) = Tan"*[(=2+-3)/ (1-6)]
=Tan}(-5/-5)=Tan™"1
=T1/4

3. Tan"}(=3) + Tan"}(=%5) = = (Tan™'B) + Tan"(5)
=-T1/2

4. Tan"*(5/3) = Tan™*(%) = Tan"*[(5/3=%)/ (1+5/12)]
= Tan™}(17/17)
=Tan™'1="11/4

5.Tan™2x + Tan™'3x = r/4
= Tan*[(5x)/ (1-6x%)] = T1/4
= 5x/ (1-6x%) =1
=>6x°-5x+1=0
=>x=1/6o0r-1

~x=16as,x=-1

6. If tan™*(4) + Tan™*(5) = Cot™(A). Find A
Here,

Tan™'[9/ (1-20)] = Cot™*A

= Tan™*(-9/19) = Cot™(A)
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= —Tan"*(9/19) = Cot™(A)
= —Cot™%(19/9) = Cot™}(A)
Or,A=-19/9

Property Set 7:

o sin7Y(x) +sin~Y(y) = sinT [xV(1-y?)+ yV(1-x)]
o cos'x +cosly = cos [xy=V(1-x3)V(1-y?)]

Example:

1. sin"*(%) + sin™(7/25) = sin"(A). Find A.
Solution:

= sin™}(% v {1—(7/28} + V{1-(%)?} 7/25)
=sin"}(117/125)

2. Prove that sin™*(%) + sin(5/13) + sin"%(16/65) = 1r/2
Solution:

sin"}(63/65) + sin"}(16/65)

= cos }(16/65) + sin"}(16/65)

=T1/2

Property Set 8: Corresponding Graphs

sin"Y(sin x) = =1, if x€[-3T11/2, —11/2]
=x, if X€[-11/2, T1/2]

= T1—x, if Xx€[11/2, 311/2]

=—2TT+X, if X€[317/2, 511/2] And so on.
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sin!(sin x)

\ T /y=x—2n
e ] l 3 X

W

N

cos (cos x) = 2Tr+x, if xE[=21T,~17]
=-x, €[-T1,0]

=x, €[0,17]

= 211X, €[1T1,21T]

==2TT+X, €[2TT,31T]

cos™ (cos X)

tan~*(tan x) = TT+x, x€(—311/2, —11/2)
=X, (—11/2, 11/2)

= x—Tr, (171/2, 311/2)
= x—2™, (311/2, 511/2)
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_______ /1_ 7_/_%

Examples:

1. sin"(sin 211/3) = m-211/3 = 11/3
2. cos }(cos(1311/6)) = T1/6
3.sin"'sin(4) = T-4

4. sin"*sin(6) = 6—21T

5. sin"lsin(12) = 12—41

6. cos (cos3)=3

7. cos *(cos 5) = 2115

8. cos *(cos 6) = 21T-6
9.tan"}(tan 3) = 3-Tr
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Property Set 9:
1.2sin 'z = sin 1(2.’13\/1—27 )

2. 2cos 'z = cos! (2&2 — 1)

3.2tan 'z — sin ! (i)
1122

2
4. cos™ 1 (1+:2) — 2tan" 1z

5.3sin "'z = sin~'(3z — 4z?)

6.3cos 1z = cos ! (4m3 — 393)

1, — tan-1 [ 32=2°
7.3tan "z = tan (1_3m2)

8.2tan 'z = tan! (A)

1—x2
Example:

a1 (2 ~1
1. f(x) = sin (1+m2) + 2tan™"=z.
If x > 1 find cos (f(10))

Ans. f(10) = sin~! (101) + 2tan!(10) = tan! (%) + 2tan~'(10)
= 7+ tan ! ( ) + tan ! (gg)

=T
2. Find tan(cos~1 () + tan? (2)) = tan(ian~? (3) + tant (2)

Bt £ M

() °

Proof: 2tan™'x = sin'[(2x)/ (1+x%)], x| <1

Let, tan'x =yi.e., x=tany

= sin'[(2x)/ (1+x?)] = sin"}[(2tany)/ (1+tan?y)]

Thus,

=sin~'[(2tany)/ (1+tan?y)] = sin"}(sin2y) = 2y = 2tan"'x

Similarly using the same concept following results can be concluded:

o 2tan 'x = cos [(1-x?)/ (1+x?), x=0
e 2tan x =tan™'[(2x)/ (1-x?), —1<x<1

Solved Examples
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Example 1: Find the value of x, for sin(x) = 2.
Solution: Given: sin x =2
x =sin(2), which is not possible.

Hence, there is no value of x for which sin x = 2; since the domain of sin*x is -1 to 1 for the values of
X.

Example 2: Find the value of sin™(sin (11/6)).

Solution: sin™(sin (11/6) = T1/6 (Using identity sin*(sin (x) ) = x)

Example 3: Find sin (cos™ 3/5).
Solution: Suppose that, cos™ 3/5 = x

So, cos x =3/5

We know, sin x =1/1 — coszx
So, sinx=~/1 — —— =4/5
0, sinx= e =

This implies, sin x = sin (cos™ 3/5) = 4/5

Example 5: sec* [sec(—30°)] =

Solution: sec*[sec(—30°)] = sec *(sec30°) = 30°

Example 5: Determine the principal value of cos™( -1/2).
Solution:

Let us assume that, y = cos™(-1/2)

We can write this as:

cosy=-1/2

cos y = cos (211/3).

Thus, the Range of the principal value of cos™ is [0, TT].

Therefore, the principal value of cos™( -1/2) is 217 /3.

Example 6: Find the value of cot (tan™ a + cot™ a).

Solution:
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Given that: cot (tan™ a + cot™ a)

= cot (1r/2) (since, tan™ x + cot™ x = 17/2)

= cot (180°/2) ( we know that cot 90°=0)
= cot (90°)

=0

Therefore, the value of cot (tan™ a + cot™ a) is 0.

Example 7: The value of tan V3 — sec’(-2) is equal to:
(A)m (B)-1/3 (C) /3 (D)21/3

Solution:

Now, solve the first part of the expression: tan™ \3

Let us take y = tan™V/3

This can be written as:

tany= \3

Now, use the trigonometry table to find the radian value
tany = tan (11/3)

Thus, the range of principal value of tan™ is (=11/2, T1/2)
Therefore, the principal value of tan™V3 is T1/3.

Now, solve the second part of the expression: sec’(-2)
Now, assume that y = sec™ (-2)

secy=-2

secy = sec (211/3)

We know that the principal value range of sec? is [0,1T] — {11/2}
Therefore, the principal value of sec? (-2) = 211/3

Now we have:

tan(V3) = 11/3

sec!(-2)=2m/3

Now, substitute the values in the given expression:

=tan® V3 —sec? (-2)

=T11/3 = (211/3)
=1/3 - 211/3
= (1Tm — 21M)/3
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=—11/3

Hence, the correct answer is an option (B)

Example 8: Prove that sin™ (3/5) —sin™ (8/17) = cos™ (84/85).
Solution:

Let sin™ (3/5) =aandsin™ (8/17)=b

Thus, we can write sina=3/5and sinb = 8/17

Now, find the value of cos a and cos b

To find cos a:

Cos a=V[1-sin*a]

=V[1-(3/5)°]

=V[1-(9/25)]

= V[(25-9)/25]

=4/5

Thus, the value of cos a =4/5

To find cos b:

Cos b= V[1-sinb]

=[1-(8/17)*]

=[1 - (64/289)]

= \[(289-64)/289]

=15/17

Thus, the value of cos b = 15/17

We know that cos (a- b) =cosacosb +sinasinb

Now, substitute the values for cos a, cos b, sin a and sin b in the formula, we get:
cos (a—b) =(4/5)x (15/17) + (3/5)x(8/17)

cos (a—b) = (60 +24)/(17x 5)

cos (a—b)=84/85

(a—b) =cos™ (84/85)

Substituting the values of a and b sin™ (3/5)- sin™ (8/7) = cos™ (84/85)

Hence proved.

Example 9: Find the value of cos™ (1/2) + 2 sin™ (1/2).
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Solution:

First, solve for cos™ (1/2):

Let us take, y = cos™ (1/2)

This can be written as:

cosy=(1/2)

cosy = cos (11 /3).

Thus, the range of principal value of cos™ is [0, TT ]
Therefore, the principal value of cos™ (1/2) is T1/3.
Now, solve for sin™ (1/2):

Lety =sin™ (1/2)

siny=1/2

siny =sin ( 17/6)

Thus, the range of principal value of sin™ is [(-T1)/2, T1/2 ]
Hence, the principal value of sin™ (1/2) is T1/6.
Now we have cos™ (1/2) = 1/3 & sin™ (1/2) = 11/6
Now, substitute the obtained values in the given formula, we get:
=cos™ (1/2) + 2sin™ (1/2)

=11 /3 + 2( 11/6)

=T1/3 +1/3

=(1+1T)/3

=21 /3

Thus, the value of cos™ (1/2) + 2 sin (1/2) is 21T /3.
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